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SEMIALGEBRAIC EXPANSIONS OF C

DAVID MARKER

ABSTRACT. We prove no nontrivial expansion of the field of complex numbers
can be obtained from a reduct of the field of real numbers.

1. INTRODUCTION

Recently conjectures of Zilber have focused attention on expansions of al-
gebraically closed fields. In particular can an algebraically closed field have a
nontrivial strongly minimal expansion? Here we will examine a natural class
of expansions of C and show in the strongest way possible that none violates
Zilber’s conjecture.

Definition. We say that S C R" is semialgebraic if there is a formula

PV, ey Uy, Wy, e, W)

in the language of ordered rings and q,,...,a, € R such that § = {X €
R":RE (%, a)}. If SCR* is semialgebraic we say that

n
~ o _ ,
S = zeC.EIaeSAzj_azj_l+a2jl
j=1

We say that 4 C C” is constructible if there is PV, e, Uy Wy enny
a formula in the language of rings, and q, ..., a, € C such that 4 = {X
C":CEg(x,q)}.

Usually in the definitions of constructible and semialgebraic we restrict our
attention to quantifier free formulas. By Tarski’s elimination of quantifiers for
algebraically closed fields and real closed field these formulations are equivalent.

For each semialgebraic set S C R”" we will consider the expansion A, of C
in the language -Z, where we add to the language of rings a new n-ary predicate
symbol P, which we interpret in 2 as S.
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Definition. For any such structure 21, we say X C C™ is definable if there
is an .S”"-formula p(v,...,v,,w,,...,w,) and a,, ..., a, € C such that
X={xeC™: A, F ¢(x,a)}. Let Def(2,) denote the collection of all definable
subsets of A .

The following facts are obvious:

Proposition 1.1. Let S C R*" be semialgebraic.

(1) Every constructible set is in Def(2 ).

(2) Every set in Def(2,) is semialgebraic.

(3) Re€ Def(2,) if and only if every semialgebraic set is in Def(2).

If S = O, then Def(2) is just the constructible sets, while if S{(x,0): x €
R}, then Def(2) is all of the semialgebraic sets.

Our main theorem states that these are the only possibilities.

Theorem 1.2. If S C R" is semialgebraic, then either S is constructible or
R € Def(2).

Thus Zilber’s conjecture holds for semialgebraic expansions since they are
either trivial or unstable.

Recently Hrushovski has refuted the general case of Zilber’s conjecture and
its seems likely that his methods will extend to produce a strongly minimal
expansion of C. Our results provide a counterpoint to Hrushovski. The proof
of Theorem 1.2 makes use of the analysis of definable sets in Z-minimal theories
and elementary algebraic geometry and real algebraic geometry. In §2, we review
some preliminaries on #Z-minimality and real algebraic geometry. [H and B-
C-R] are the standard references on algebraic and real algebraic geometry. [Po
and Di] give more model theoretic treatments of these subjects.

I would like to thank Ali Nesin and Lou van den Dries for several stimulating
discussions on this topic.

2. PRELIMINARIES

A. @-minimality. We begin with some basics on @-minimal theories. These
results come from [Drl, P-S and K-P-S]. Let .%° be a language containing a
binary relation symbol <.

Definition. A complete . theory T is said to be @-minimal if for every
M E T, < is a linear order of M and every .#-definable subset of M is a
finite union of points and intervals (Throughout this section “definable” means
“definable with parameters”.)

Using Tarski’s quantifier elimination it is easy to see that the theory of real
closed fields in @-minimal. Below for simplicity we assume that M is an
@-minimal expansion of R.

Theorem 2.1 (Monotonicity Theorem). If X is a definable subset of M and
f: X — M s definable, then for each m € w we can find open intervals
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I,,...,1 anda finiteset Y suchthat X =1,U---UI, UY and f is C" on
each Ij.

In fact if M is the field of real numbers every definable function is piecewise
analytic [B-C-R].
Remarkably @-minimality imposes strong constraints of subsets of M" .

Definition. (a) X C M is a cell if and only if it is a singleton or an interval.

(b) X € M™" is a cell if and only if

(i) thereisa cell Y € M” and f: Y — M a continuous definable function
such that X = {(¥, f(¥)): y€ Y} or

(ii) thereisacell Y C M" and f, g: Y — M are continuous functions such
that forall yeY, f)< g®) and X ={(J,x): JeYAf(P)<x < g(})}.
[Here we allow the possibility that f = —oo or g = +00.]

We associate to each cell a dimension. Singletons have dimension 0. Intervals
have dimension 1. If Y is a cell of dimension n and f:Y — M is definable,
then the graph of f has a dimension n. If f and g are definable functions
from Y to M such that forall ye Y, f(y) < g(¥) and Y has dimension
n, then {(¥,x):y € Y and f(y) < x < g(¥)} has dimension n + 1. If
C,, ..., C,, arecells we let the dimension of the C,U---UC,, be the maximum
of the dimension of the C;. Let dim(X) be the dimension of X .

Theorem 2.2 (Cell decomposition). If X C M" is definable, then X is a finite
disjoint union of cells.

We will use the following consequences of 2.2.

Corollary 2.3 (Uniform boundedness). Suppose X C M" is definable and k <
n. For ae M* let X;={ye Mk (@,y) € X}. There is a number N such
that for all @€ M* if X5 is finite then |Xz| < N.

Corollary 2.4. Suppose X is a definable subset of M", Y is a definable subset

of X and dim(X) = dim(Y). Then there is a definable open set U C M" such
that dim(UN X) =dim(X) and UNX CY.

B. Real algebraic geometry.

Definition. A prime ideal 7 C R[X,, ..., X,] is said to be real if and only if
whenever f,,..., f € R[X], a,,...,a, € R" and Z:aifiz e I, then all
fiel.

V C R" is a real variety if and only if I(V) = {f € R[X]: forall ae V
f(@) =0} is a real ideal.
The next result gives an algebraic treatment of dimension.

Theorem 2.5. (a) If V' is a real irreducible variety, then the dimension of V is
transcendence degree of the coordinate ring R[X]/I(V).

(b) If X C R" is semialgebraic and V is its Zariski closure then dim(X) =
dim(V).
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In §4 we will also use the fact that the dimension of a real irreducible variety
is its Krull dimension.

C. Generics. Let K =R or C. For X C K", let dim, (X) be its dimension.
Let S,(K) be the space of n-types over K (alternatively we could use the real
spectrum or the Zariski spectrum.)

Definition. If ¢(v,, ..., v,, W) is a formula in the language of fields and a €
K™ let dim, (¢p(7, @) = dim,({b € K": ¢(b, @)}).
If p(v,,...,v,) € S,(K), let dimy(p) = min{dim,(¢(v, a)): ¢(V, a) €

p}. (For K = C, this is the Morely rank of p.)

If A={be K": Kk ¢(b,a)} and F is a |K| -saturated elementary ex-
tension of K, we say that x,, ..., x, is a generic point of A if and only if
FE ¢(X,a) and if p(D) is the type of X over K, then dim,(4) = dimy(p).

Generics are useful fictions when computing dimensions.

Proposition 2.6. If (x,, ..., x,) isa genericof AC K", then dim(A) is equal
to the transcendence degree of K(x,, ..., x,) over K.
3. SCR’

For S C R’ we can prove a somewhat stronger result.

Theorem 3.1. Suppose S C R? is definable in an @-minimal expansion of R.
Then S is constructible or R € Def(%).

In particular by [D-Dr] if S C R’ is subanalytic and S is not constructible,
then R is definable in 2.

Lemma 3.2. If S C R? is infinite, coinfinite, and definable in an &-minimal
expansion of R, then there isa Y C C such that Y € Def(A,) and if Y =
{(x,y) e R:x+iye Y}, Y is two dimensional and bounded.

Proof.

Case 1. dim(S) = dim(R* = S) = 2.
By 2.4 R? — S contains an open set. In general if z € C and r € R", let
B(z) ={xeC:|x—z| <r}. Welet B, = B(0). Thereis z € C and

reR* suchthat B,(z)NS=@. Let Y = {-=5: x € §}. Then Y = Def(2,),
dim(Y)=2 and Y C B,.

Case 2. dim(S)=1 or dim(R*—=8§)=1.

Assume dim(S) =1 (replace S by R’ — S if necessary). Once again R’-S
contains an open setsay B,(z)NS =0. Let ¥, ={{5:x € §} . Then Y, C B,
and dim(f’]) = 1. Translating Y, if necessary, we may assume that (0, 0) € Y
and )A’l is smooth at (0, 0). [Recall that at all but a finite set of points f’l is
locally the graph of a C™ function.]




SEMIALGEBRAIC EXPANSIONS OF C 585

Let Y ={x+iy:x,y€Y,}. Clearly Y is bounded.

Claim. dim Y=2.

If dimY = 1 then there will be points x arbitrarily close to 0 with open
neighborhoods B,(x) such that B,(x)NY = B,(x)NY,. But then if le =
{x+iy:y€eY}, Y 'NnB,(x)CY,. Butfor x nearO0, )A’lx is nearly normal to
f’l , a contradiction. 0O

The idea for Case 2 was pointed out to me by Ali Nesin. It simplifies an earlier
algebraic argument which did not work in the general #-minimal setting.

Definition. If X C R? let X , the boundary of X, be the points in the inter-
section of closures of the interiors of X and R* — X .

It is clear that if X is definable in a fixed #-minimal expansion of R then so
is X . Moreover, by cell decomposition if X is two dimensional and bounded
then dim(0X) =1.

Lemma 3.3. If S C R? is infinite, coinfinite and definable in an @-minimal
expansion of R, then there is Y € Def(,) such that Y C B, dim(Y) = 2,
and there is X € Y such that 8Y is smooth at X and Y is locally convex at

x.
Proof. By Lemma 3.2 we may assume that .S is two dimensional and bounded.
Using cell decomposition and the fact that definable functions are piecewise
C", it is easy to see that for almost all X € S, 85 is smooth at X and either
S is locally convex at X or R’ -S is locally convex at X .

Unfortunately it is possible that at no point is .S locally convex. Suppose X
is a smooth point on 85 such that R’ - S is locally convex at X. For r > 0,
B,(X)={zZe€R*: |Z-X| <r}. Choose r such that B,(X)N(R*-S) is convex.
Let y € S be such that the line / through ¥ and X is normal to 84S at X,
and s =|[y —X|| < ;. Then B (¥) C B,(X) and if ¢ is the line tangent to 85
at X, B(¥)Nt=. Thus B(¥)C S.

Without loss of generality we may assume s = 1, ¥y = (0,0), and X =
(1,0). Let Y = {1:2 ¢ S}. Then Y C B, and X € Y. Since S is
smooth at X and z — % is smooth on its domain X is a smooth point on 8Y .

Since X is on the boundary of B, 8Y is locally convex at X. O

Proof of 3.1. If S is finite or cofinite then S is constructible. If S is infinite
and coinfinite then by Lemma 3.2 we may assume that .S is bounded and two
dimensional, and that there is X € 8.5 such that 4§ is smooth at X and S is
locally convex at X . By applying affine transformations we may without loss of
generality assume that X = (0, 0) and S C B, .

Let 0 <z <1 be such that B, NS is convex. Let Y ={z € S: z eS}.

Claim 1. If 0 <s<t, then sYCY. .
If zeY,then Z€S§. Thus ||| <1,s0 ||z|| <t. Hence z € SN B,. Thus
by convexity sz €S and $z € S. Therefore sz€Y.
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Let M ={a€C:aY CY}. Since Y € Def(), M € Def(). By Claim
1 the interval (0, ¢) is a subset of M .

Claim 2. If | is any line through (0, 0) that is not tangent to S at (0, 0),
then /NY # . In fact /NY contains points arbitrarily close to (0, 0).

Since / is not tangent to (0, 0) there is a point (#, v) on [ such that
(u,v) € B,NnS. But then by convexity #(u + iv) € 3", so u+iv € Y and
Yni+@.

Claim 3. M CR. ‘

Let a € C—-R, say a = re'e, where 6 is not an integral multiple of x.
Multiplying Y by «a causes us to rotate Y by 6 and expand or contract by r.
Thus by Claim 2 we can find elements X € Y such that ax = a+bi for (a, b)
on the line tangent to Y at (0, 0). These points can be found arbitrarily close
0(0,0).S0 Y ¢Y.

Thus (0,7) C M CR and M € Def(%). But then

R= {xeC:x:OVx=ilv:ttxeMvi%eM}eDef(QlS). O

Once we have proved Theorem 3.1 our program of finding the reals merges
with efforts to verify Zilber’s conjecture for 2.

Definition. Fix a language .. An .#-structure 2 with universe 4 is minimal
if for every .#-formula ¢(T, W) and every ac€ 4 {be A: Ak ¢(b,qa)} is
finite or cofinite. We say 2 is strongly minimal if every elementary extension
B > A is minimal.

An easy argument shows that if . is countable and 2 is a minimal un-
countable #-structure, then 2 is strongly minimal. We have argued that in
a nonminimal semialgebraic expansion of C we can define R. Thus in any
nonstrongly minimal semialgebraic expansion we can define R.

4. ZARISKI CLOSURES

We are now ready to begin the proof of Theorem 1.2. The goal of this section
is to reduce to the case where there is an irreducible affine variety V' such that
S is a “large” subset of V.

We proceed by induction on n. Let S C R” be a semialgebraic. We may
assume that if m <n, Y CC" and Y € Def(2,) then Y is constructible.
Further we may assume that if x C R”, X e Def(2,) and dim(X) < dim(S),
then X is constructible.

For a€ C"' let §E = {y € C: (@, y) € S}. By our induction hypothesis
each §E is constructible and hence finite or cofinite. By 2.3 there is a number
n € w such that for all 3 € C"™', |S| < n or |C—§E| < n. Thus F =
{a: §- is finite} isin Def(2;) and hence constructible. Let F' = {a eF: |S_| 7é
@} . Clearly F' is constructible as well. We decompose S into S ={(a,y)
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S:@eF} and S,={(@,y)eS:a ¢ F}. Clearly
dim S = max(dim(Sy), dim(S,)).

But dim(S;) = dim(F') and dim(S,) = dim(C"™' — F) + 2. Thus S has
the same dimension as a constructible set. In particular dim(S) is even. Say
dim(S) =2m.

Let S = {(a y)eS:a ¢ F}. Clearly S is definable from S and S If
both S and S are constructible so is S thus we may assume that one, say
S , is not. Note that by our choice of S, dim(Sy) = dim(S) = 2m . Thus we
may without loss of generality assume that for all @ € c !, §a is finite.

Consider D = {a: |S;| # O} . D is constructible and dimC(ﬁ) =m. Wecan
write D = D,U---UD, where each D; is a Zariski open subset of an irreducible
affine variety. If dim(D,) < m, we can throw out D; by considering S -
{@,y) e S:ae D,} . Thus without loss of generality. we may assume that for
all i, dim.(D;,) = m. For each i let S ={@,y) €S: a € D;}. If each
S,. is constructible then S is constructible. Thus we may consider each S
individually. Thus without loss of generality we may assume D is a Zar1sk1
open subset of an irreducible affine variety.

Let (x,,...,x,_,) be a generic point of D. Then {x,...,x,_,} must
have transcendence degree m over C. Without loss of generality we may as-
sume that {x,..., x,} are algebraically independent. Thus if ¥ = {7 €
C": 3y, ..., Vyom_1(@,¥) € D}, dimc(Y) = m. Consider Y, = {a €
C™: {y: (a,y) € D} is infinite}, then Y_ is constructible and dim.(Y_) <
m. Let D ={(@,y)eD:aecY_}. Clearly D_, cannot contain a generic
point of D so dim(D_)<m. So D_ and S ={(@,y) eSs: aeD_} are
constructible. Thus by replacing S w1th S— S we may assume Y = &. Thus
without loss of generality we may assume that for all 2 € C” {y (a,y) e S }
is finite.

Claim. {a€R™: 35 C" (@, 7) e S} has real dimension m .
We claim that if X C C” is constructible and dim(X) = m then

dimR" N X) =

Since {@a € C": 3y(a,y) € S} is constructible and m-dimensional this will
suffice.

We prove the claim by induction on m. If m = 1, then X is cofinite so
XNR iscofinite. If m=k+1,then Y ={X € ck: {y: (x, y) € X} is infinite}
is a k-dimensional constructible subset of C* so ¥ NR* is k-dimensional.
Clearly for X € Y nR*, {y e R: (X, y) € X} is cofinite, so dim(X N R) =
k+1. O
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We would now like to show that S has a Zariski closure V in C, with
dimg (V') = m. We first work in R". Consider R,, R, such that:

(Xys oo s X Vi oo s Vo) ER
@3z, 00,2, S5, 0,%,,0, s 2 e Y )
and
(Xy s eees Xps Zyseees Z,_) ER
S, VS0, %5, 0, Y 2 e s Vs D) -

If a€R” and (@, W) € S then there are ¥ and Z such that (@, ) € R,
(@,zZ)eR, andfor j=1,....,n—-m, w,=y,=1iz;.

Forae R”, { e R""™:(@,y) € R)} and {zZ: (@, Z) € R} are finite.
Since {@ € R™:3y € C"™(@,7) € S} has dimension m, R, an R, are
m-dimensional semialgebraic sets in R". Let W, and W, be the real Zariski
closures in R" of R, and R, respectively. W, and W, both have dimension
m.For i=0,1let W,=W, u---U Wu, , where each Wij is a real irreducible
variety. Let

l’l
W= {Ye R NS = 0} |
k=1

where f,.jl, ’fijt,,- € R[X,,..., X,] and <fi11’ ,fij,u) is a real prime
1deal

For each ij let

Note that W] is constructible and W, C W}.

Lemma 4.1. dim(W;) = dimq (W) .

Proof. Suppose I = (f,, ..., f,) is a real prime ideal in R[X,, ..., X,]. Let

V={xeR":Vfelf(X)=0} and V' ={xeC":Vfelf(X)=0}. We

will show dim(V) = dim(V"). Let ¥;" be an irreducible component of ¥~

of maximal dimension. We will see that dim(V) = dimC(Vl*) which suffices.
In general if A is a commutative Noetherian ring we define the Krull dimen-

sion of a prime ideal P to be the largest / such that there is a proper chain of
prime ideals P =P, C P, C---CP,.

Facts. (1) [C-R]1 If W CR" is a real irreducible variety, dim(W) is the Krull

dimension of I(W) in R[X,, ..., X,].
(2) If W C C" is an irreducible variety, dim(W) is the Krull dimension
of I(W) in C[X,, ..., X,].

[If F isafieldand X C F", I(F) = {g(X) € F[X]: Va € Xg(@) = 0} .]
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Since C[X] is an integral extension of R[X], we may apply the Cohen-
Seidenberg going up and going down lemmas (see [A-M]). Let J = I(}]").
Clearly J D I. We claim that ] = J NR[X]. If not then I, = J NR[X] is a
prime ideal and there is J0 C J a prime ideal in C[X] with J,NR[X]=1.
But then V(J)) ={XxeC":V f € J,f(x) = 0} is an irreducible component of
V* and dim(V(J o)) > dim( 7) a contradlctlon. Thus I = J NR[X].

If J=J,cJ,C--C J, is a chain of prime ideals in C[X], then I C
JNR[X]C - C J,OR[X] is a chain of prime ideals in R[X]. Thus dimg (V) >

: dimC(Vl') . On the other hand if 7 C I, C --- C I, is a chain of prime ideals in
R[X], this will lift to J C J; C --- C J;, a chain of prime ideals in C[X]. Thus
I and J have the same Krull dimension. Hence dim(V) = dimC(V*). o

Below we use the following claim.

Claim. If X CC™ is constructible, then dim(X NR"™) < dimg(X).

A generic for X NR™ has transcendence degree dim(X NR™). This point
will still have transcendence degree dim(X NR™) over C.

Let

0 /, n—m
Ay = {Y?‘ VY?GW/\\V(xw)eW/\Ay—z+zw}.
j= j=0 Jj=1

A, is a constructible set. Let 4 = {(X,¥): 3z, wW(X,y,Z, W) € Ao} Let

= {x: 39(x,¥) € A}. By construction {¥ € R": IJp(X,y) € S} is a
subset of A4, so dim.(4) > dim.(4,) > m. If (x;,...,x,,y,Z,W) isa
generic point of 4, then x,, ..., x, are algebraically independent over C.
Since all i, j, dimC(Wi;) <m, Z and W are algebraic over x,,..., X,
Clearly each y, is algebraic over z; an dw,;. Hence dim(4,) < m. Since
dimg(4,) > dim(4), dim(4 )—m.

Let B={xecC": WX,y el > (X,7) € A} . This contains {(X,¥) €
S:X € R™}, so dime(B) = m. Thus dim(S — 4) < dim(S) s 0S—-4i
constructible. Thus without loss of generality we may assume S CA.

Thus we have reduced to the case where there is a constructible set 4 D S
with dim(§) = dim(AA). We next take the Zariski closure of 4 and consider
separately the intersection of S with each irreducible component of complex
dimension m .

w

5. DEFINABILITY OF DIMENSION

Before we finish the proof of Theorem 1.2 we must prove a technical lemma
on the definability of dimension.

We generalize the fact that if 4 C C” is constructible and for all a € C, A,
denotes {b € C""': (a, b) € A}, then for 0< k < n, {a € C: dim.(4,) = k}
is constructible.
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Setting. For the remainder of this section we assume that: (x) S c R" is
semialgebraic and for all Y € Def() if m < n and ¥ C C”, then Y is
constructible.

Suppose x C {1,...,n}. Let i, <--- < i, list the elements of x and let

Jy <+ <J,_; list the complement of x. Forall g€ Cc let

Sy = {BeC"_k:E!EeS:Ax,,:a,A A lezb,} .

1<k I<n—k

Lemma 5.1. Assume we are in the setting (x). If x C{l,...,n} and 0<k <
n, then {aeC™: dim¢(S) > k} € Def(21,).

Proof. By inductionon k. If k = 0, this is trivial (for our purposes dim.(&) =
0).

Claim. Let W be constructible. Then dim(W) > k + 1 if and only if there
is 1 <i<n such that dim({a € C: dim(W) > k}) > 1.

Let (x,,..., x,) be a generic point of a maximum dimensional irreducible
component of the Zariski closure of W . Without loss of generality we may as-
sume that x,, ..., x,, are algebraically independent. Then for all but finitely
many a € C, dim(W") > k.

For xC{l,...,n} and 1<j<n with j ¢ x,if aeC"™ and beC, let
ax b=(a,....q.,ba ..., a, ) where i} <j<i,.

Then

dimg($3) 2 k + 1 <\ dimg({b: dimc(§;:j{bj}) >k} >1.
Jéx

By our induction hypothesis for each j, {a@ * ; b: dimC(}xf{bj )) > k} is in

Def(2,) and hence constructible. By 2.3 there is a natural number N, such
that for all 7€ C™*! if |{b: dim¢(S5?)}| > N, then it is infinite.
J
Hence
dime($7) 2 k+1 e \ |{b: dimc(S3'Y) 2 k3 > N,
Jj&x

Thus by induction {@: dim(S}) > k+ 1} € Def(%,). O Lemma 5.1 is in the
spirit of [Dr 2].

6. SUBSETS OF IRREDUCIBLE VARIETIES

We now consider the case where ¥ C C” is an irreducible variety, S cv,
dim.(V) = m and dim(S) = 2m. We consider the case m =1 and m > 1
separately.
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Lemma 6.1. If V_is an irreducible curve, S C R”" s semialgebraic, Scv,
and S and V — S are both infinite, then R € Def(2).

Proof. Without loss of generality we may assume that n(V) ={zeC:3Ix(z,X)
€ V'} is coinfinite. Thus either we can define R or n(S) and n(V - S) are both
cofinite. Thus either we can define R or dim(S) = d1m(I7 —S8)=2. Thus by
2.4 we can find a Euclidean open set U such that UNV #& and UNnC C S.

Let V* C P" be the projective completion of the curve. Let a € V NU.
For the moment assume that V" is nonsingular. Then by the Riemann-Roch
theorem [H, p. 297] there is a rational function p on V* which has its only
zero at a. Since V" is compact, p(V* — U) is bounded away from zero. Thus
p(V - S‘) is an infinite, cofinite subset of C so by 3.1 we can define R.

If V* has singularities, then we replace ¥'* by a nonsingular curve ¥** C P
which is birationally equivalent to V* [H, p. 28].

Since birational maps are constructible, ¥** has a infinite, coinfinite subset
of Def(2,). Thus by the above arguments, R € Def(%). O

Thus if dim.(V) = 1, either R € Def(2,) or S or ¥ — S is finite. In the
latter case S is constructible.

Suppose dim(V') > 2. We use the following version of Bertini’s theorem
(see [S)).

Theorem 6.2. Let V C C" be an irreducible variety with dim (V) =m > 2.
For (ay,...,a,) € C"™" let H. = {(x,,...,x,) € C":a,+ Y a,x, = 0}.

n
Then {a € cl H_NV is an irreducible (m — 1)-dimensional variety} is an

(n + 1)-dimensional subset of C"*".

In other words, a generic hyperplane intersects V' in an irreducible (m — 1)-
dimensional variety. Let q,, ..., a, € C be such that for all but finitely many
a, € C, H;NV is an irreducible (m — 1)-dimensional variety. Thus by a
suitable change of coordinates we may assume that for all but finitely many
aecC, V, = {y eC" ' (a,y) e V} is an irreducible (m — 1)-d1men51ona1
variety. Let S ={yeC"” "“a,7) eS8 }. Recall we are assuming each S
constructible.

Let X = {a € C: V, is irreducible and dim (V) = dimc(§ )=m—1}. By
5.1 X is constructlble Since dim(S) = 2m, X must be coﬁmte It suffices
to show that S’ = {(a,¥) € StaeX } is constructible. But for a € X,
dime(V,-S)<m—1.Let S"={(a,7)eV:ac XA(a,7) ¢ S}. Then
dim(8") < 2m, so S” is constructible. But then S’ is constructible.

This completes the proof of Theorem 1.2.

Note. In unpublished work Hrushovski has shown that if V' is an irreducible
curve and X is an infinite, coinfinite subset of V' then (C, +, -, X) is not
strongly minimal. Thus 5.1 follows from his work by the remarks at the end of
§3.
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